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We show that General Relativity can be formulated as a constrained topological
theory for flat 2-connections associated to the Poincare´ 2-group. Matter can be con-
sistently coupled to gravity in this formulation. We also show that the edge lengths
of the spacetime manifold triangulation arise as the basic variables in the path-
integral quantization, while the state-sum amplitude is an evaluation of a colored
3-complex, in agreement with the category theory results. A 3-complex amplitude
for Euclidean quantum gravity is proposed.
1. Introduction
General Relativity (GR) was originally formulated as a dynamical theory of metrics on a
spacetime manifold, and it turned out that for a non-perturbative quantization it is more
advantageous to reformulate it as a theory of connections, see [1] for a comprehensive
exposition and references.
More precisely, GR can be represented as a constrained BF theory [2], and this ap-
proach led to spin foam formulation of quantum GR, see [3, 4] for reviews and references.
The EPRL/FK class of spin foam models [5, 6] allows for a construction of finite quan-
tum gravity transition amplitudes [7, 8, 9] and the corresponding classical limit is GR
[10]. However, the absence of the tetrads from the theory makes it difficult to couple
massive fermions [11] as well as the gauge fields [12], so that there is a need for a BF-type
reformulation of GR which will include the tetrads.
One way to do this is to introduce the cosmological constant and represent GR as a
BF theory for the anti-de Sitter/de Sitter group with a symmetry breaking term, see [13]
for a review and references. However, the corresponding spin foam perturbation theory
is difficult to formulate [14], since the symmetry breaking term is the perturbation, and
there is no efficient mathematical formalism to calculate the corrections.
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Another possible approach is to use the Poincare´ group, since GR can be represented
as a gauge theory for the Poincare´ group, see [15] for a comprehensive exposition and
references. However, the transformation law for the tetrads under the local translations
does not coincide with the diffeomorphism transformations. Although the diffeomorphism
transformations of the tetrads can be represented as suitably restricted local translations,
one would like to have a formalism where the local translations coincide with the diffeo-
morphism transformations of the tetrads.
In this paper we will show that all these problems can be resolved by using the BF
theory for 2-groups, also known as BFCG theory, see [16, 17]. The 2-groups are cate-
gory theory generalizations of the usual groups and the Poincare´ group can be naturally
embedded into a 2-group, see [18]. We will show that GR can be represented as a con-
strained BFCG theory for the Poincare´ 2-group, in analogy with the result that GR is
the constrained BF theory for the Lorentz group. Furthermore, the matter fields can
be consistently coupled and the path-integral quantization leads to a state sum whose
categorical structure agrees with the results derived from the representation theory of the
Poincare´ 2-group [19, 20].
In section 2 we present the gauge theory of flat connections for the Poincare´ 2-group,
and show that a simple constraint reduce it to GR in the Einstein-Cartan (EC) formula-
tion. In section 3 we show that matter can be coupled such that the GR constraint is pre-
served. In section 4 we show that the path integral for the topological theory takes a form
of a state sum whose amplitude is an evaluation of a colored 3-complex. The 3-complex
is associated with the spacetime triangulation, while the colors can be chosen such that
they coincide with the irreps, intertwiners and 2-intertwiners for the Euclidean/Poincare´
2-group. We then propose a quantum gravity state sum for the Euclidean 2-group case
and in section 5 we present our conclusions.
2. Poincare´ 2-group and GR
One way to generalize the notion of a group is to use the category theory, see [18] for a
review and references. A category consists of objects and maps between the objects (called
morphisms) such that natural composition rules between the morphisms are satisfied.
A 2-category consists of objects, morphisms and maps between morphisms (called 2-
morphisms) such that natural composition rules are satisfied. A group is then a category
with one object where all morphisms are invertible. Similarly, a two-group is a 2-category
with one object where all morphisms are invertible. This abstract definition leads to a
concrete realization of a 2-group which is given by a crossed module (G,H, ∂, ⊲). This
is a pair of groups G and H , such that ∂ : H → G is a homomorphism and ⊲ is an
action of G on H such that certain properties are satisfied, which are direct consequences
of the categorical structure, see [18]. The elements of G represent the 1-morphisms,
while the elements of the semidirect product G ×s H represent the 2-morphisms. The
canonical example of a 2-group relevant for physics is the Poincare´ 2-group, where G =
SO(1, 3), H = R4, ∂ is a trivial homomorphism and ⊲ is the usual action of the Lorentz
transformations on the R4 space. The Lorentz group is the group of morphisms, while
the usual Poincare´ group is the group of 2-morphisms.
One can construct a gauge theory on a 4-manifold M based on a crossed module
(G,H, ∂, ⊲) of Lie groups by using one-forms A, which take values in the Lie algebra g of
2
G, and 2-forms β, which take values in the Lie algebra h of H [16, 17]. The forms A and
β transform under the usual gauge transformations g : M → G as
A→ g−1Ag + g−1dg , β → g−1 ⊲ β , (1)
while the gauge transformations generated by H are given by
A→ A + ∂η , β → β + dη + A ∧⊲ η + η ∧ η , (2)
where η is a one-form taking values in h, see [17]. When the group H is Abelian, which
happens in the Poincare´ 2-group case, then the η∧η term in (2) vanishes, and one obtains
the gauge transformations given in [16] .
The pair (A, β) represents a 2-connection on a 2-fiber bundle associated to the 2-Lie
group (G,H) and the manifold M . The corresponding curvature forms are given by
F = dA+ A ∧A− ∂β , G = dβ + A ∧⊲ β , (3)
and they transform as
F 7→ g−1Fg , G → g−1 ⊲ G , (4)
under the usual gauge transformations, while
F → F , G → G + F ∧⊲ η , (5)
under the H-gauge transformations.
One can introduce a natural topological gauge theory determined by the vanishing of
the 2-curvature
F = 0 , G = 0 . (6)
These equations can be obtained from the action
S0 =
∫
M
〈B ∧ F〉g + 〈C ∧ G〉h , (7)
where B is a 2-form taking values in g, C is a one-form taking values in h, 〈 , 〉g is a
G-invariant non-degenerate bilinear form in g and 〈 , 〉h is a G-invariant non-degenerate
bilinear form in h. The action (7) is called BFCG action, in analogy with the BF theory
action. The gauge transformations of the Lagrange multiplier fields are given by
B → g−1Bg , C 7→ g−1 ⊲ C , (8)
for the usual gauge transformations, while
B → B − [C, η] , C 7→ C , (9)
for the H-gauge transformations.
Let us now examine the case of the Poincare´ 2-group. In this case A = ωabJab,
β = βaPa, where a, b ∈ {0, 1, 2, 3}, J are the generators of the Lorentz group while P are
the generators of the translation group R4. Consequently
F = (dωab + ωac ∧ ω
cb)Jab = R
abJab , G = (dβ
a + ωab ∧ β
b)Pa = ∇β
aPa . (10)
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The G-gauge transformations are the local Lorentz rotations
ω → g−1ωg + g−1dg , β → g−1 ⊲ β , (11)
while the H-gauge transformations are the local translations
δεω = 0 , δεβ
a = dεa + ωab ∧ ε
b , (12)
where η = εaPa.
The BFCG action then becomes
S0 =
∫
M
(Bab ∧ Rab + Ca ∧ ∇β
a) , (13)
where
δεB = 0 , δεC = 0 . (14)
Note that the transformation properties of the one-forms Ca are the same as the trans-
formation properties of the tetrad one forms ea under the local Lorentz and the diffeo-
morphism transformations. Hence one can identify the C fields with the tetrads and we
write
S0 =
∫
M
(Bab ∧ Rab + e
a ∧ ∇βa) . (15)
The action (15) gives a theory of flat metrics, since Rab = 0 implies the vanishing of
the Riemann tensor. In order to obtain GR, we need that only the Ricci tensor vanishes.
In the BF theory approach to GR, this problem is resolved by constraining the B field,
such that Bab = εabcdec ∧ ed. Since in the 2-group formulation the tetrads are explicitly
present, the required constraint is simply
Bab = ε
abcdec ∧ ed , (16)
or
B∗ab = ea ∧ eb . (17)
Hence the action for GR in the 2-group approach is given by
S =
∫
M
(
Bab ∧Rab + e
a ∧∇βa − φab ∧ (B
ab − εabcdec ∧ ed)
)
. (18)
The equations of motion are
Rab − φab = 0 , (19)
∇βa + 2εabcdφ
bc ∧ ed = 0 , (20)
∇Bab − e[a ∧ βb] = 0 , (21)
∇ea = 0 , (22)
Bab − εabcde
c ∧ ed = 0 , (23)
which are obtained by varying S with respect to B, e, ω, β and φ, respectively.
From B = (e ∧ e)∗ it follows that ∇B ∝ (e ∧ ∇e)∗, so that ∇B = 0 due to (22). The
equation (21) then implies that e[a ∧ βb] = 0. For invertible tetrads we then obtain β = 0,
see the Appendix. Therefore (19) and (20) imply
εabcdR
bc ∧ ed = 0 . (24)
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The equation (24) is the same as the equation of motion for the EC action
SEC =
∫
M
εabcde
a ∧ eb ∧Rcd , (25)
for the e variations, while (22) is equivalent to δSEC/δω when the tetrads are invertible.
3. Coupling of matter
Since the tetrads are present in the BFCG action, the coupling of matter fields is essentially
given by the coupling of matter fields in the EC formulation. The only subtlety is in the
coupling of fermions, since their presence introduces a non-zero torsion.
The Dirac action for the fermion field in the EC formulation is given by
SD = iκ1
∫
εabcd e
a ∧ eb ∧ ec ∧ ψ¯
(
γd
↔
d + {ω, γ
d}+
im
2
ed
)
ψ , (26)
where ω = ωab[γ
a, γb]/8 and κ1 = 8πl
2
p/3. The δ(SEC+SD)/δω equation gives the torsion
Ta ≡ ∇ea = −κ2sa, where
sa = iεabcd e
b ∧ ec ψ¯γ5γ
dψ ,
is the spin 2-form, and κ2 = −3κ1/4. Hence in the BFCG formulation we need a term∫
M
βa ∧ s
a in the action.
Let us consider the action
Sm = S + SD + Sβψ , (27)
where
Sβψ = iκ2
∫
εabcde
a ∧ eb ∧ βc ψ¯γ5γ
dψ .
By varying Sm with respect to B, e, ω, β, φ and ψ¯, respectively, we obtain
Rab − φab = 0 , (28)
∇βa+εabcde
b∧
[
2φcd −
3iκ1
2
βcψ¯γ5γ
dψ + 3iκ1e
c ∧ ψ¯
(
γd
→
∇−
←
∇γ
d +
im
6
ed
)
ψ
]
= 0 , (29)
∇Bab − e[a ∧ βb] − 2κ2εabcde
c ∧ sd = 0 , (30)
∇ea + κ2sa = 0 , (31)
Bab − εabcde
c ∧ ed = 0 , (32)
iκ1εabcde
a ∧ eb ∧
(
2ec ∧ γd∇+
im
2
ec ∧ ed − 3(∇ec)γd −
3
4
βcγ5γ
d
)
ψ = 0 . (33)
Exactly like in the pure gravity case, from (32) it follows that ∇B ∝ (e ∧ ∇e)∗, so
that (30) gives
2 εabcde
c ∧
(
∇ed + κ2s
d
)
+ e[a ∧ βb] = 0 .
This equation gives e[a∧βb] = 0, due to (31). If the tetrads are invertible, one then obtains
βa = 0, so that (29) gives
εabcdeb ∧ (Rcd − T
ψ
cd) = 0 , (34)
5
where T ψab is the energy-momentum two-form for the fermions. The equation (34) is
equivalent to the Einstein equations when a Dirac fermion is coupled to EC gravity.
The δSm/δψ and δSm/δψ¯ equations are related by the spinor conjugation. For the
invertible tetrads, and by using ∇e = −κ2s, the equation (33) reduces to the usual Dirac
equation
(iγµ∇µ −m)ψ = 0 , (35)
where γµ = eµaγ
a.
As far as scalar and YM fields are concerned, they do not couple to ω, so that one
simply adds the corresponding EC formalism terms to Sm
Sm → Sm +
∫
M
|e| (gµν∂µΦ∂νΦ + g
µνgρσ Tr FµρFνσ) d
4x , (36)
where gµν = e
a
µe
b
νηab.
One can also introduce the Immirzi parameter γ, by adding an additional term Sγ to
the action Sm, where
Sγ = −
1
γ
∫
φab∧ea∧eb+
iκ2
γ2 + 1
∫
εabcde
a∧eb∧βcψ¯γ5γ
dψ+
iκ2γ
γ2 + 1
∫
ea∧eb∧βaψ¯γ5γbψ .
The resulting equations of motion are equivalent to the equations of motion obtained from
the action SEC + SD + SH , where SH is the Holst term [21]
SH = −
2
γ
∫
ea ∧ eb ∧ Rab .
The physical motivation for the introduction of the Immirzi parameter lies in the fact
that it is the coupling constant between fermions and torsion, as discussed in detail in
[22, 23].
4. State-sum models
Given the BFCG form of the EC action, one can now proceed to quantize the theory
by using the same approach as in the case of spin foam models, see [1]. This approach
requires first a construction of the state-sum model for the topological theory given by
the unconstrained BFCG theory. Then the constraint B∗ = e ∧ e has to be imposed on
the topological state sum.
In the topological case one starts from the path-integral
Z =
∫
DADβDBDC exp
(
i
∫
M
(〈B ∧ F〉+ 〈C ∧ G〉)
)
=
∫
DADβ δ(F) δ(G) , (37)
see [16]. Let T be a regular triangulation of M and T ∗ the corresponding dual triangula-
tion. Then
Z =
∫ ∏
l
dgl
∫ ∏
f
dhf
∏
f
δ(gf)
∏
p
δ(hp) , (38)
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where l, f and p denote the 1,2 and 3-cells of T ∗, respectively, and one has
gl = exp
(∫
l
A
)
, hf = exp
(∫
f
β
)
.
The group elements gl ∈ G and hf ∈ H represent the corresponding one and 2-
holonomies of A and β, respectively. The group element gf =
∏
l∈∂f gl is the holonomy
along the boundary of f . When the area of f is small, one has
gf ≈ exp
(∫
f
F
)
.
The group element hp is the 2-holonomy along the closed surface ∂p, and
hp =
∏
f∈∂p
h˜f ,
where some of the h˜f are given by gl ⊲ hf , where l ∈ p and l /∈ ∂f , while the other h˜f are
equal to hf , see [16]. When the volume of p is small, one has
hp ≈ exp
(∫
p
G
)
.
In the case of the Poincare´ 2-group the integral (38) can be written as
Z =
∫ ∏
l
dgl
∫ ∏
f
d4~xf
∏
f
δ(gf)
∏
p
δ(~xp) , (39)
where ~xp = ~xf + ... + gl~xf ′ and f, ..., f
′ ∈ ∂p. The Lorentz group delta function can be
expanded by using the Plancherel theorem
δ(gf) =
∑
Λf
dµ(Λf)χ(gf ,Λf) ,
where Λ = (j, ρ) are the unitary irreducible representations, χ is the character and dµ is
the appropriate integration measure, see [24]. The notation δ(g) means that the corre-
sponding distribution is concentrated at the identity element of the Lorentz group. The
δ(~xp) is the four-dimensional Dirac delta function and
δ(~xp) =
1
(2π)4
∫
R4
d4~Lp exp
(
i~xp · ~Lp
)
.
For the sake of simplicity, let us consider the Euclidean case, so that the Poincare´ 2-
group becomes the Euclidean 2-group. The Lorentz group is then replaced by the SO(4)
group and Λ = (j+, j−) is a pair of SU(2) spins, so that
Z =
∑
Λf
∫ ∏
p
d4~Lp
∫ ∏
l
dgl
∏
f
d4~xf dim Λf χ(Λf , gf)
∏
p
ei~xp·
~Lp . (40)
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After integrating ~xf , we obtain
Z =
∑
Λf
∫ ∏
p
d4~Lp
∫ ∏
l
dgl
∏
f
dim Λf χ(Λf , gf)
∏
f
δ
(
gl1(p1,f)
~Lp1,f + gl2(p2,f)
~Lp2,f + gl3(p3,f)
~Lp3,f
)
,
(41)
where p1, p2 and p3 are the three polyhedra which share the face f , and l1, l2 and l3 are
the corresponding dual edges satisfying lk ∈ pk and lk /∈ f .
It is instructive to rewrite (41) by using the simplices of T (M)
Z =
∑
Λ∆
∫ ∏
ε
d4~Lε
∫ ∏
τ
dgτ
∏
∆
dim Λ∆ χ(Λ∆, g∆)
∏
∆
δ
(
gτ1(ε1,∆)~Lε1,∆ + gτ2(ε2,f)~Lε2,∆ + gτ3(ε3,∆)~Lε3,∆
)
, (42)
where εk are the edges of ∆ and εk ∈ τk but ∆ /∈ τk. The delta function
δ(g1~L1 + g2~L2 + g3~L3)
in (42) restricts the integration over the ~L’s whose lengths satisfy the triangle inequalities.
This implies that Lε = |~Lε| can be interpreted as the length of an edge ε.
Note that (42) can be rewritten as
Z =
∫ ∏
ε
L3εdLε
∑
Λ∆,Iτ
W (L,Λ, I) , (43)
where Iτ is the intertwiner for the four Λ of a tetrahedron and∑
I
W (L,Λ, I) =
∫ ∏
ε
dΩε
∫ ∏
τ
dgτ
∏
∆
dim Λ∆ χ(Λ∆, g∆)∏
∆
δ
(
gτ1(ε1,∆)
~Lε1,∆ + gτ2(ε2,f)
~Lε2,∆ + gτ3(ε3,∆)
~Lε3,∆
)
. (44)
The dΩε denotes a 3-sphere volume measure.
The state sums/integrals in (43) will be almost certainly divergent, but what is im-
portant is to find the structure of the dual 3-complex amplitude W . The relation (44)
seems to imply that W will be a function of the SO(4) irreps, but this may not happen
because the integral in (44) may not be well-defined and a regularization may introduce
the irreps for SO(3) and SO(2) subgroups. That this can happen is suggested by the
representation theory of the Poincare´/Euclidean 2-group on 2-Hilbert spaces, see [19, 20].
Namely, in the Euclidean case the irreps are labeled by positive numbers, which can be
identified with the edge lengths Lε. In the Poincare´ 2-group case there is also a class of
positive-length irreps, and in both cases the corresponding triangle intertwiners are the
SU(2) spins when Lε form a zero-area triangle. When Lε form a non-zero area triangle,
then the intertwiners are given by the U(1) spins. The results of [25, 26] suggest that the
topological amplitude is given by
W (L,m, I) =
∏
f
Af (L)
∏
v
cosSv(L,m)
Vv(L)
, (45)
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where
Sv(L,m) =
∑
f ;v∈f
mfθf (L) . (46)
The angle θf (L) is the interior dihedral angle for a face f which contains the vertex v,
Vv(L) is the 4-volume of the four-simplex dual to v, Af(L) is the area of the triangle dual
to f , mf ∈ Z are the U(1) spins and the 2-intertwiners I are trivial.
Given the topological amplitude (45), one can try to implement the constraint B∗ =
e ∧ e in order to obtain the state sum for GR, similarly to what was done in the case of
spin foam models. Note that Sv, given by eq. (46), has the form of the area-Regge action
for a 4-simplex. If we put
|mf |l
2
P = Af (L) , (47)
where lP is the Planck length, then the area-Regge action Sv(L,m) will become the
Regge action SvR(L) for a four-simplex. Since the topological vertex amplitude (45) is
proportional to cosSv, which is a sum of e
iSv and e−iSv , then in the state sum amplitude
will appear a term proportional to
∏
v
eiSv(L) = exp
(
i
∑
v
Sv(L)
)
= exp
(
i
l2P
∑
f
Af (L)δf(L)
)
,
where δf is the deficit angle and SR =
1
l2
P
∑
f Af (L)δf(L) is the Regge action for a manifold
triangulation. The appearence of the term in the amplitude proportional to eiSR is a good
sign that the constrained state sum can be further modified such that it corresponds to
the path integral for GR.
Therefore we expect that the quantum GR state sum will have a form
ZGR =
∫ ∏
ε
µ(Lε) dLε
∑
m
∏
∆
δ(|m∆|l
2
P − A∆(L))WGR(L,m) . (48)
The amplitude WGR and the measure µ have to be chosen such that ZGR is finite and
that the corresponding effective action gives GR in the classical limit. The effective action
approach to the semi-classical limit of spin foam models [10] suggests that
WGR(L,m) =
∏
f
Af(L)
∏
v
eiSv(L,m)
Vv(L)
, (49)
i.e., the cosSv factor from (45) has to be replaced by e
iSv so that the effective action will
have the correct classical limit.
Coupling of matter in the model defined by the state sum (48) will be easier than in
the EPRL/FK model case, since the edge lengths Lε are explicitly present. One can then
use
Wmatt(L,m, ϕ) ∝ exp
(
iS
(matt)
R (L, ϕ)
)
,
for the matter amplitudes, where S
(matt)
R is the Regge discretized action of a matter field
ϕ coupled to gravity. The expressions for Vτ (L) and Vσ(L), which appear in S
(matt)
R , can
be easily obtained, in contrast to the EPRL/FK model case, where the expression for Vσ
is difficult to write explicitly in terms of the spin foam variables.
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As far as the boundary states are concerned, one will have a wavefunction Ψ(Lε, m∆)
on the boundary ∂M = Σ, where ε,∆ ∈ T (Σ) and T (Σ) is the triangulation of the three-
dimensional manifold Σ induced by T (M). By passing to the dual complex T ∗(Σ), the
wavefunction can be written as Ψ(Lf , ml), i.e. a function of a colored 2-complex. This
reflects the fact that a boundary of a colored 3-complex is a colored 2-complex.
5. Conclusions
The proposed 2-group reformulation of GR can be used to obtain a category theory gen-
eralization of Loop Quantum Gravity. Namely, instead of using the SU(2) spin networks
as the basic quantum degrees of freedom, one can use the spin foams with colors {Lf , ml},
or more generally, the spin foams with colors {Lf , Jl, ιv}, where Jl could be an SU(2) or
a U(1) spin and ιv are the corresponding intertwiners. The time evolution will promote a
spin foam into a 3-complex with colors {Lp, Jf , ιl}, which we will call the spin cube. The
advantage of this generalization is that the edge lengths of a triangulation become the
basic dynamical variables. This will facilitate the construction of the path integral such
that the classical limit of the corresponding quantum theory is GR and the coupling of
matter will be much easier to accomplish.
The categorical nature of the theory implies that the edge labels of a spacetime tri-
angulation should be the 2-group irreps. The triangle labels should be the corresponding
intertwiners and the tetrahedrons should carry the corresponding 2-intertwiner labels.
The 2-Hilbert space representation theory for the Poincare´/Euclidean 2-group implies
that the set of triangle intertwiners J∆ should be a set of SU(2) and U(1) spins. The
results of [25, 26] imply that the Euclidean topological state sum involves only the U(1)
spins, while we expect that the Euclidean GR state sum will take the form (48) with
the amplitude given by (49). Extension of this result to the Poincare´ case would give a
physical quantum gravity theory.
Note that the representation theory of 2-groups is not unique, since one can also use
the category of chain complexes of vector spaces in order to define the representations,
see [17, 27]. The structure of the chain-complex representations is different from the
2-Hilbert space representations, which means that chain-complex representation theory
defines an alternative quantization of GR. Hence it would be interesting to develop the
chain-complex representation theory of the Poincare´/Euclidean 2-group.
The physical significance of 2-Hilbert space representations could be better understood
by performing a canonical quantization of the action (18). Note that the actions (18) and
(27) belong to the class of covariant canonical actions for gravity theories introduced in
[28].
As far as the construction of 4-manifold invariants based on the BFCG state sum is
concerned, one would have to regularize the topological state sum/integral based on the
amplitude (45) such that the triangulation independence is preserved. One way to do it is
to try to implement a gauge-fixing procedure, see [25]. Another way is to find a quantum
group regularization, since there are strong indications that categorified quantum groups
and their representations will be important for the construction of 4-manifold invariants
[29]. Hence one can try to find a crossed module of Hopf algebras which is a deformation
of the Poincare´/Euclidean 2-group, and then try to find an appropriate 2-category of
representations which will give a finite topological state sum.
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Appendix: Proof that βa = 0
We start from the equation
e[a ∧ βb] = 0 .
By working in a coordinate basis, one can rewrite this equation in the component form as
εµνρσ
(
eaµβ
b
ρσ − e
b
µβ
a
ρσ
)
= 0 . (50)
By assuming that det(eaµ) 6= 0, we denote the inverse tetrads as e
µ
a. First we contract
equation (50) with εανγδe
α
ae
λ
b to obtain
εανγδε
ανρσβλρσ − εανγδε
λνρσβαρσ = 0 ,
where βλρσ ≡ e
λ
aβ
a
ρσ. Next, we use the identities
ελµνρελαβγ = − det

 δµα δ
µ
β δ
µ
γ
δνα δ
ν
β δ
ν
γ
δρα δ
ρ
β δ
ρ
γ

 , εµνρσεµναβ = −2 det
(
δρα δ
ρ
β
δσα δ
σ
β
)
,
in order to eliminate the contractions of the Levi-Civita symbols. After some algebra, we
obtain
βλγδ + β
σ
γσδ
λ
δ − β
σ
δσδ
λ
γ = 0 . (51)
By contracting the indices λ and δ, we immediately obtain βσγσ = 0. Substituting this
back into (51), it follows that
βλγδ = 0 .
Finally, contracting with the tetrad eaλ one obtains the result β
a = 0.
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